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Abstract

This paper develops a theory of optimal public good provision and taxation
when individuals differ by their labour productivities and risk preferences. Under
private provision of public goods, there is an inefficient allocation of aggregate
risk between private and public consumption, as individuals fail to internalize the
insurance spillovers provided to agents with different risk attitudes. I then derive
sufficient-statistic tax formulas under public provision. The optimal non-linear
labour tax and the riskless return tax redistribute, respectively, across income
levels and across risk aversion levels conditional on income, while internalizing
fiscal externalities on capital tax bases. Both the progressivity of the labour
income tax schedule and the sign of the riskless return tax depend on the joint
distribution of income and risk preferences, and on the welfare weights used
to compare agents with different risk preferences. A linear tax on risky excess
returns plays an insurance role, balancing the different tastes for risk at the
societal level. Finally, I characterize an alternative non-linear tax schedule on
expected capital income: distorting portfolio choices can provide an additional

margin for screening unobserved risk preferences.

JEL classification: H21, H41.

Keywords: public good provision, heterogeneous risk preferences, optimal tax-

ation, insurance, equity.

*I am grateful to my former supervisor Matthew Wakefield for his guidance and support. This
paper also benefited from comments during presentations at the Uppsala Center for Fiscal Studies,
and public economics conferences: ZEW 2022 and 2025, LAGV 2025 at AMSE, and SIEP 2025
at University of Naples "Federico II". T wish to thank Fei Ao, Francesca Barigozzi, Spencer Bas-
tani, Frank Cowell, Vincenzo Denicolo, Arnaldur S6lvi Kristjansson, Salvatore Morelli, Jukka Pirt-
tild, Pietro Reichlin and Claudio Zoli for their valuable comments. Refine.ink was used to check
the paper for consistency and clarity. This work was supported by FCT, I.P., the Portuguese na-
tional funding agency for science, research and technology, under the Projects UID/06522/2025 -
https://doi.org/10.54499/UID /06522 /2025.

TUniversidade de Lisboa, ISEG Lisbon School of Economics and Management, ISEG
Research, Rua do Quelhas 6, Lisboa, Portugal. Project UID/6522/2025. Email:
francesco.alosa@iseg.ulisboa.pt.



1 Introduction

Individual attitudes toward risk play an important role in shaping both personal and
collective choices. People with different attitudes to risk not only make different in-
dividual decisions throughout their lives, but also have different views on the way
governments should handle risk while providing public goods. For instance, infras-
tructure investments are perceived by some people as too risky, either because these
projects might take longer to be completed, or because the net benefits of the projects
might fail to materialise.! Similarly, attitudes towards environmental policies are het-
erogeneous. Most people agree climate change is a problem and measures must be
taken to mitigate or stop it, but different views on the scale of the actions to imple-
ment emerge.” Alternatively, public budgets might be themselves risky, as in the case
of local and regional governments which often rely on substantial funding coming from
the state/federal level, and are therefore subject to economic downturns. Similarly,
funding of sovereign wealth funds can be affected by negative shocks in the financial
markets. When public goods are financed by such volatile revenue streams, individu-
als with different risk attitudes will disagree on how the government should balance
public investments against revenue risk.

There is now increasing evidence of heterogeneous risk preferences in the pop-
ulation (Bach et al., 2020; Fagereng et al., 2020; Falk et al., 2018; Von Gaudecker
et al., 2011), of how these preferences change over the course of life (Dohmen et al.,
2017), and of how they correlate with other individual characteristics such as cognitive
ability (Dohmen et al., 2010, 2018). However, the normative issue of public provision
of public goods in the presence of heterogeneous risk preferences, and the optimal
tax system needed to implement, has not received much attention. This paper ad-
dresses this question by providing optimality conditions and tax formulas in terms of

appropriately defined elasticities and social marginal welfare weights, highlighting the

'For instance, a survey conducted in 2018 on the high speed rail project "HS2", that is currently
under construction in the UK, shows that 59% of those who oppose the project are worried that
"costs are or potentially will be too high", possibly reflecting different preferences for risk associated
with skyrocketing costs of public projects.

2While differences across countries can be explained by different exposures to climate risks (Deche-
zleprétre et al., 2025), differences within countries could partly reflect different attitudes to (climate
change) risk.



trade-off in this economy: redistributing across income and risk aversion levels at the
cost of distorting labour supply, savings and portfolio decisions.

In the first part of the paper (sections 2-3), I consider a two-period framework in
which agents differ only by their risk preferences, and labour supply is exogenous. I
analyse the Nash equilibrium outcome when the public good is offered on the basis of
individual voluntary contributions, and the solution of a social planner maximising a
weighted sum of utilities, from which a risk-adjusted Samuelson rule is derived (section
2). Section 3 introduces distortionary taxation in this simplified environment: the
public good is financed by linear taxes on savings. I study the benchmark case in
which the government observes risk preferences and can therefore levy type-specific
tax rates, and the second-best case in which a uniform rate applies to all agents.

Then, in section 4, I study the role of labour and capital income taxes to finance
a public good in a more complex environment. Agent-types are characterised by
their level of risk aversion and labour productivity (wage), and make decisions on
labour supply, consumption and savings, with constant relative risk aversion utility.
They also make portfolio decisions, choosing between two types of assets: one is risk-
free, while the other is subject to aggregate risk, but with a positive expected excess
return.? In this environment, agents with equal labour productivities but different
risk preferences make different labour supply, savings and portfolio decisions, which
is why the zero capital income tax result does not hold (Atkinson and Stiglitz, 1976;
Saez, 2002). The government raises revenues with a non-linear tax schedule on labour
earnings and with two distinct proportional taxes on the riskless (normal) return
and the risky excess return (with symmetric loss offsets). As an alternative to the
linear taxes on capital income, non linear taxation of expected capital income is also
considered. Individual utilities are aggregated through a set of welfare weights that
make them interpersonally comparable (Grant et al., 2010).%

When agents differ along risk preferences as well as individual productivity, public

good provision and taxes play two main roles. First, it is a way to insure agents against

3Following the optimal tax literature, I distinguish two different components of the rate of return
on savings: the (riskless) normal return and the excess return. The normal return is the price for
forgoing present-time-consumption. The excess return reflects the presence of aggregate risk in the
economy and drives returns heterogeneity.

*Additional info is provided in section 4.3.



aggregate risk. The public good allows individuals to shift risk from private to public
consumption, as in the work of Christiansen (1993), Schindler (2008) and Boadway
and Spiritus (2024). The public good is itself risky since tax revenues depend on
the state of the economy. Second, the public good serve a redistributive role, both
across income levels, and across risk aversion levels conditional on income. While
the tax parameters are chosen optimally ex-ante, the policy is implemented in the
second period, after the realization of the state of the economy, such that the budget
is balanced. This captures the idea that funds for a specific project might be limited
in the short run, so that the project gets paused or reduced in scale if a negative shock
occurs.”

This paper presents three main sets of findings. First, the market would generally
provide an inefficient probability distribution of the public good in the case of hetero-
geneous risk preferences. Beside the standard under-provision result, I show that the
Nash equilibrium entails an allocation of risk that is welfare-inferior relative to the first
best social planner solution. This is because agents do not internalise the fact that
their contribution to the public good affects the distribution of risk between private
and public consumption also for the other agents who have different risk preferences.
Hence, agents underestimate the insurance effect that the public good provides to
the other individuals. It is therefore possible to increase welfare by reshuffling the
contribution rates of different types of agent. This inefficiency remains under public
provision if the government cannot observe risk preferences: a uniform linear tax on
savings delivers both a welfare-inferior allocation of risk and a lower expected level of
public good provision, relative to the benchmark in which risk-aversion types can be
taxed at type-specific rates.

Second, I analyse the optimal tax system in the case in which the public good
is financed by a non-linear tax schedule on labour earnings and taxation of capital
income. The non-linear labour income tax schedule, T'(z), performs the standard
redistributive role in the Mirrleesian environment (Mirrlees, 1971; Saez, 2001): it

redistributes from high- to low-income individuals according to the average social

5 Alternatively, if we consider the environment as the public good, the risk in the economy is given
by the climate risk associated with the range of possible future scenarios.



marginal welfare weight at each income level, while internalising the fiscal externalities
its behavioural responses impose on capital income tax revenue. The linear tax on the
riskless return, 7., complements the role of the labour income tax by redistributing
across risk aversion types, within the same income level. Conditional on income,
more risk-averse agents save less, so the sign of the optimal rate depends on how the
social marginal welfare weights vary with risk aversion within income levels. Both
the degree of progressivity of the labour income tax schedule, as well as the sign of
the tax rate on the normal return depend on the joint distribution of income and
risk preferences, as well as individual welfare weights.® The linear tax on the risky
excess return, 75, by contrast, plays a purely insurance-related function, aligning the
volatility of the publicly provided good with a weighted average of private consumption
volatility across risk-aversion types. Indeed, individuals with different preferences for
risk have different benefits from the tax/insurance policy at the margin, meaning their
willingness to shift risk from the individual to the societal level depends on their risk
aversion. While it is essential for the allocation of aggregate risk, the excess-return
tax cannot be used to redistribute across productivity or risk-aversion types.

Third, T also characterise the optimal non-linear taxation of capital income, Ty (%),
evaluated on the basis of each household’s expected capital income. Basing the sched-
ule on expected, rather than realised, capital income allows the government to commit
to an ex-ante schedule even though returns are realised only in the second period. This
instrument can in principle screen on risk aversion beyond what the linear riskless-
return tax already achieves, since expected capital income depends on risk aversion
through both the level of savings and the optimally chosen portfolio share. How-
ever, this additional screening margin comes at the cost of distorting both the savings
and portfolio composition. The nonlinear instrument is more likely to improve on
the linear pair specifically when the within-income variation in welfare weights across
risk-aversion types is driven substantially by portfolio decisions rather than savings
levels alone, which in turn requires risk preferences to be widely dispersed within, and

weakly correlated with, income levels.

SWhether the planner should favour more or less risk-averse individuals, conditional on income,
is ultimately a normative question about how social welfare treats preference heterogeneity.



This paper contributes to two strands of the literature. The first concerns public
good provision in a risky environment. Christiansen (1993), Schindler (2008), and
Boadway and Spiritus (2024) study the role of capital income taxation in allocat-
ing risk between private and public consumption under aggregate uncertainty, with
Christiansen (1993) already extending the Samuelson rule to a setting with aggregate
risk. The first contribution of this paper is introducing heterogeneity in risk prefer-
ences across agents, both under private provision of the public good and under public
provision financed by taxes. Under private provision, I show that the standard free-
riding underprovision result is accompanied by an additional inefficiency: the Nash
equilibrium also misallocates risk between private and public consumption, because
each contributor’s risk-bearing decision provides an insurance benefit to other agents
with different risk preferences that they do not internalise, leaving the equilibrium risk
allocation inferior to the first-best. Under public provision, the key novelty relative to
Christiansen (1993), Schindler (2008), and Boadway and Spiritus (2024) is that the
marginal benefit from the public good policy differs across types due to different pref-
erences for risk. Hence, the optimal policy requires not just balancing the volatility of
the public good with that of private consumption, as in the cases of Schindler (2008)
and Boadway and Spiritus (2024), but also requires to balance the different tastes for
the public good.

The second strand concerns optimal taxation under heterogeneous returns to
capital. Much of this literature generates heterogeneous returns through heteroge-
neous investment ability or scale effects (Boadway and Spiritus, 2024; Gahvari and
Micheletto, 2016; Gerritsen et al., 2025; Kristjansson, 2024; Saez and Stantcheva,
2018) as drivers of heterogeneous returns. This paper, in line with new empirical
evidence (Bach et al., 2020), considers different preferences for risk as an alternative
driver of heterogeneous returns. This creates a connection between savings and re-
turns heterogeneity, and preference heterogeneity, as returns stem endogenously from
preferences for risk through type-specific portfolio choices. This paper derives optimal
tax conditions for labour and capital income, taking into account their spillover effects
on other tax bases, and highlighting the key mechanisms at play under risk aversion

heterogeneity. Most of the above contributions argue in favour of taxing or subsidising



the riskless (normal) return on grounds of equity, as the taxation of safe capital income
complements the redistributive role of earnings taxation.” When return heterogeneity
stems from risk preferences, the direction of redistribution is governed by the planner’s
chosen normative criteria. At the joint optimum, the main role of the riskless-return
tax is to redistribute across risk-aversion types within income levels, exploiting the
fact that, conditional on income, more risk-averse agents save less. Whether these
within-income transfers should favour the more or the less risk-averse — and hence
whether the optimal rate is a tax or a subsidy — ultimately depends on the welfare
weights that are used to compare utilities across preference types (Lockwood and
Weinzierl, 2015; Saez, 2002). Moreover, I characterise, as an extension, the nonlinear
taxation of expected capital income, showing that this instrument can screen on risk
aversion through an additional margin — portfolio composition — since its elasticity
is a composite of the savings and portfolio-share margins. This comes at the cost of
breaking the Domar-Musgrave neutrality result that makes the linear excess-return

tax distortion-free, introducing a first-order distortion to the savings margin.

2 Public Good Provision in a Risky Environment

One fundamental result of the theory of public goods is that, in general, pure public
goods will be under-supplied by the market when provided on the basis of individual
voluntary contributions due to the free-riding problem. This result remains true in
a risky environment when agents possess different risk preferences. In this section, I
argue that there is also another type of inefficiency, which pertains the distribution of
risk between public and private consumption across states of nature.

Consider an economy with two periods and n agents indexed by j = 1,...,n,
differing only in their coefficient of relative risk aversion 6; > 0. In period-0, agent j
has endowment z and chooses first-period consumption cé, savings a; = z — c(j), and a
contribution share §; € [0,1] of their period-1 wealth to allocate to the public good.

In period 1, savings earn a risky gross portfolio return R{;, with IE[INZ;] > E[I:Zg] and

"For instance, Boadway and Spiritus, 2024 shows that agents with lower investment ability obtain
lower returns, save less, and carry higher welfare weights, making a subsidy on the normal return
optimal.



Var(Rg) > Var(R]I;) when 6, < 6. Hence, we have:

& =(1-6;)a; R, (1)
P=> 6rar R} (2)
k=1

The public good P is risky because it is funded from period-1 wealth, which depends
on the realisation of R’; The stochasticity of P arises endogenously from the same ag-
gregate shock that drives private consumption risk. The individual maximises lifetime
expected utility given by (3). Without loss of generality, I impose no discounting of
future consumption. Moreover, individuals evaluate private and public consumption
with the same sub-utility function u(-), meaning that no specific difference in taste

between private and public goods is modelled.

U7 = us(dh) + E[uy(e])| +E[u;(P)] (3)

Taking all other agents’ contributions as given, agent j chooses the private con-

tribution rule d; to satisfy
E[u’.(ﬁ) Rﬂ} - EW(&{) Rﬂ} . (4)

This equates the risk-adjusted expected marginal utility of public consumption to that
of private consumption, where the weighting by R]]g reflects the opportunity cost of
the marginal unit contributed. Define the risk-adjusted marginal rate of substitution:
MRS; = m. Condition (4) states M RST = 1 for each agent-type at the
Nash equilibrium.

Then, we consider the solution of a social planner, who chooses the contribution

shares 0; to maximise a weighted sum of utilities SW = Zj w;U7, with individual

welfare weights w;. The planner’s FOC for 4; is:
w; E[ug(a{) Rg;} =Y w E[u;(ﬁ) R’;} . (5)
k

The planner equates the weighted marginal cost to agent j to the social risk-adjusted



marginal benefit, related to all agents k. Condition (5) characterises the (ex-ante) first
best distribution of the public good, and therefore the (ex-ante) first-best distribution
of risk between public and private consumption. Dividing (5) by the marginal cost to

the contributor yields the risk-adjusted Samuelson rule for agent j’s contribution:

2.

P ij[U}(Z’{) ~}

wr E [uﬁg(ﬁ) R’;
= 1 for every j. (6)

b
Proposition 1. Under private provision with aggregate risk, the Nash equilibrium is

inefficient in two distinct ways:

(i) Underprovision. The expected level of the public good under Nash equilibrium is

lower than under first-best: E[PNF] < E[PFP,

(i1) Suboptimal risk distribution. When agents have heterogeneous risk aversion and
there is aggregate risk, the probability distribution of P over states of nature is

(ex-ante) suboptimal, with respect to first-best, except in degenerate cases.

Point (i) in Proposition 1 is the standard underprovision result that applies also in
the case of heterogeneous risk preferences. Proof of (i), that is similar to the standard

case, is provided in the appendix A.1.

Proof of Part (ii). I show that there exists a feasible reallocation of contributions
across agents that keeps E[P] unchanged but raises social welfare SW = > jwiU 7,
The perturbation shows the Nash equilibrium fails to maximise SW, i.e. its distribu-
tion of P is not first-best optimal.

Step 1. Let’s consider the welfare gradient with respect to the contribution rate

0; for an agent-type j at the Nash equilibrium, holding all other d;, and all a;, fixed:

o = |- i () ] + S ]

At the Nash equilibrium, (4) gives E [ug(ﬁ)ﬁi] =E [u

terms cancel and:



aSW
a5,

= aj ZwkE [uk(ﬁ)éﬂ > 0.

NE k]

The marginal effect of §; on E[P] is 9E[P]/d5; = a;E [RZ,] . Then, the normalised

welfare gradient - the welfare gain per unit increase in E[P] from raising agent j ’s

contribution - will be given by:

_OSW/ B0l ki B [y (P) )|
" wE El N E &)

Step 2: suppose we change contribution for agent-types ¢ and j such that the
expected level of the public good ]E[p] remains constant, but the risk-profile across
states of nature is different. Holding E[P] constant means that d E[P] = dg; +dg; = 0
and dg; = —dg;, with dg; = a; E []:2;,} dd; being the marginal change in the value of
contribution due to the marginal change of the contribution share 4. The resulting

change in welfare is:

ASW = dg; + dg
Jg; dg; 7

0gi 0g;

OSW . OSW . dg=—dg, <aSW aSW> 4o

Dividing by dg;, you get the constrained rate of change:

dsw _OSW  OSW _ 0SW/dé;  9SW /04,

that is the difference between the welfare gains from raising the contributions of agent-
type ¢ and j respectively, normalised by the corresponding increases in E[P] We can

rewrite the last expression using the welfare gradients directly:

asw

A9 | ag;=—dg,

=T, -1} (7)

Due to heterogeneous preferences, consumption and portfolio decisions will be dif-
ferent across agents, and so will the welfare gradients. Hence, except for degenerate
cases, expression (7) is likely to be non-zero meaning it is possible to reshuffle the con-

tribution rates, §; and ¢;, to increase social welfare, while keeping fixed the expected

10



level of the public good.

3 Public Good Provision with Linear Taxes

In this section, we explicitly introduce taxes as a way to finance the provision of the
risky public good. In this section, we consider linear taxes on savings that are set
to maximise the weighted sum of utilities SW = Zj w; U7, with individual welfare
weights w; and utility U; given by (3). Two benchmark cases are presented: 1) Ob-
servable types: the government can levy type-specific proportional taxes that depend
on individual risk aversion (section 3.1); 2) Non-observable types: the government

sets a unique proportional tax rate for all types of agent (section 3.2).

3.1 Observable Types

When types are observable, the government can choose type-specific proportional
taxes 7(6;) that perfectly target agents with different risk preferences. Consider the
utility function given by expression (3). Private and public consumption will be given

by:

& =(1-7(0;)a; R, (8)

pZZTkakRIZ, (9)
k=1

where the public good is stochastic, as it is affected by aggregate shocks to the portfolio
returns RI; . Then, the optimal 7(0;) will equate the marginal private costs of agent
7 from contributing to the public good, expressed in terms of private consumption,
to the social benefit of a marginal unit, taking into account the distortionary costs of

taxation. The resulting optimality condition is:

=1 (10)

11



B[S, wiu (P) R}
E[wju;.(éjl)Rp]
an additional unit of public good for all types through a higher tax on agent-type j,

where p(6;) = is the ratio between the social welfare gain from

and the private welfare cost for that agent j. The compensated behavioural effect is

captured by the elasticity of savings to the net-of-tax rate €4 +(0;) = 88(¢11( 3) : (i(_(;)) -

whereas 7,,,(0;) is the income effect. Overall, the term W(7;,6;) captures the me-

chanical effect of raising the tax on one agent-type, net of behavioural responses.
Lemma 1 provides the corresponding optimal tax formula. The derivation is provided

in appendix A.2.

Lemma 1. When different risk-aversion types of agents are targeted individually, the

optimal linear tax on savings is given by

r0) _ 1 [a(8)-(p(8;) - 1)
1—7(0;)  a(bj)ea,r(6;) p(6;)

For each agent-type, the tax is inversely related to the compensated elasticity of
savings €4,-(6;) and will be positive provided that p(6;) is sufficiently larger than 1,
and /or income effect is small. If the compensated response of an agent-type with low
risk aversion is larger than the one of a high risk aversion agent, then they would face

a lower tax rates than high risk aversion individuals.

3.2 Unobservable Types

If the government cannot screen agents with different risk preferences, and therefore
cannot set (risk-aversion) type specific taxes, a uniform proportional tax 7% applies
to all agents. The optimality condition (12) equates marginal social costs, expressed

in terms of private consumption, to the social benefits, net of distortionary costs.

S wph(P) S Riagw (,60;)| ~EY [wkuﬁc(élf)ﬁé’;ak} —0 (12)
k j k

where U (7%, 0)) = ( b (Op) —

der uniform taxation of agent-types, we have lower provision of the public good and

";I: (Hk)> Proposition 2 states that un-

less efficient risk allocation, compared to the targeted system given by (11).

12



Proposition 2. The risk allocation between private and public consumption under
the unique proportional tax condition (12) is welfare-inferior relative to the case of the
type-specific tax rule (11). Moreover, the provision of the public good will be lower in

expectation.

Proof. Part 1: Inefficient risk allocation. Suppose we deviate from the unique tax
rule and marginally change the tax for two agent-types such that the expected level
of the public good E[P] remains constant, but the risk-profile across states of nature

is different. Holding E[P] constant means that dE[P] = a;E {]:Z%} U(r", 0;5)dr; +

_ B[R] w(ro)
Ry U0

a; E [R;} U (r", 0;)dr; = 0, such that dr; = dr;. We can rewrite the

change in welfare dSW = agTW dr;j 85? dr; as:
F] 3

) R i O S L e P s
a;;w 3597‘;‘/

where p = [p(0)¥(7%,0) — 1]. The term p(0)¥(7*,0) is a measure of the net social
return of funding the public good by raising the tax on one agent-type. When the
net social return is above 1 (u; > 0), agent-type j is undertaxed on the basis of the
uniform tax 7% relative to what condition (11) would require. Hence, it is possible to
raise welfare by deviating from the unique tax rule 7%, namely choosing 7; > 7% for
agent-types for which we have p; > 0, and choosing 7; < 7% for those agents for which
;i < 0. This alternative policy impacts the state-contingent risk distribution in the
economy without changing the expected value of the public good. It follows that the
unique tax rule characterises a suboptimal equilibrium relative to condition (11).
Part 2: Underprovision. To prove this point, first notice that aggregating condi-

tion (10) across types gives the following formula:

E Zwkuﬁc(ﬁ)z}%a]@(ﬂ&j),@j) —E iju;- (E’{) Rf)aj =0
k J

aj

where W (7(6;),6;) = (1 — e s (6) — 7(6;) 2 (9j)>. This condition has the

same structure as condition (12). However, tax rates 7(;) are optimised across dif-

13



ferent types of agent in condition (10) accounting for the type-specific behavioural
responses to taxes. The uniform tax 7% is a restricted version of the targeted system
7(0;), which can raise any given level of expected revenue at a lower overall private
welfare costs compared to 7. Indeed, under the targeted system 7(6;), it is possible
to shift the tax burden towards agents with lower elasticities or social welfare weights,
i.e. the marginal cost of public funds is lower under the targeted system. If the ex-
pected social benefit of the public good is decreasing, then under the targeted system
public provision will be higher in expectation as, compared to the unique tax case 7%,
a lower marginal benefit of the public good will equate a lower marginal cost of public

funds. O

4 Heterogeneous Productivity and Risk Aversion

In this section, I consider a more complex environment in which each type of agent is
characterised by their labour productivity and risk aversion. The government taxes
labour earnings with a non-linear schedule and capital income linearly, distinguish-
ing the types of return from investment, i.e. riskless (normal) return versus risky
excess return. Alternatively, non-linear taxation of expected capital income is consid-
ered. Agents with different risk preferences choose different amount of hours worked,

conditional on their productivity (wage).

4.1 Set-up

The economy is populated by a continuum of agents in the type space Q = {w, 6}
who differ along two dimensions: pre-tax income z due to unobserved ability w,
and risk aversion 6. Agents choose their labour supply I, first period consumption
¢o, and the portfolio composition of their savings. Agents invest their savings a(z, 6)
choosing the portfolio share of risky assets s(#) with the risky return 7, being normally
distributed: 7, ~ N (Fe — 02/2,02%). The resulting portfolio return 7, will also be
normally distributed: 7, ~ N'(7p — 02/2,02). The (risky) excess return is defined as
the difference between the risky return and the riskless return: 7#¢*¢ := 7¢—r. Without

loss of generality, I impose no time discounting of future consumption.

14



Labour income is taxed non linearly under the tax schedule T'(z). Each compo-
nent of capital income is taxed linearly: 7 is the tax on the excess return, 7, is the tax
rate on the safe return. As for behavioural responses to taxes, the compensated elas-
ticities of labour earnings z and savings a with respect to net-of-marginal-tax rate on
labour earnings, €., €4, , and with respect to net-of-tax rate on safe capital income,

€27y Ea,r, are defined as follows:

_ 0z(w,0)  1-T'(w)| _ 0z(w,0) (L—m)r|
8;;,[('11), 9) = 8(1 — T/(w)) . Z(w7 9) ﬁ7 Ez,?“('w, 9) = 8(1 — Tr)r . Z(w7 9) U?

_ 8@(11}’ 9) 1-— T/(’U)) . _ aa(wv 0) (1 — TT)T
q(w,0) = 90— T'(w)) . a(w.6) 57 Ear(w,0) = a0 . a(w, ) ﬁ.

Finally, m;(w, #) and ny(w, 0) are the income effects on labour earnings and riskless

savings respectively.

4.2 Agent’s Problem

Agent’s utility is separable over time, and separable between private and public con-

sumption. Agents choose {co(w, 0), s(0),[} to maximise
U(w,0) = u(co(w,0)) + E [u(él(w, 0)) + u(ﬁ)] —v(l) (13)

subject to & (w,0) = R,(0)a(w,), where a(w,0) = z(w, ) — co(w,d) — T(z) is the
value of assets, given labour earnings z = wi; Rp(ﬂ) is the gross portfolio return

defined as

RBp(0) = [1+7 (1 =7) + 55 (7°) (1 = 7)],

and the gross riskless return is identified by R. As each agent is infinitesimal compared
to the size of the economy, the effects of individual choices on the level of the public

good are not taken into account.
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e - v (co(w,0)) =E [u'(él(w,ﬁ))ép] (14)
I 0=E [u’(&l(w,H))Rp] 1 —T(2)]w—v'(1) (15)

s 0=E [u/(¢1(w, ))7"] (16)

Conditions (14)-(15) are the standard first order conditions (FOCs) for first-
period consumption cg, and labour supply I. A close form solution for first-period
consumption can be obtained (see appendix B.2). On the basis of this, the following

lemma can be stated with regard to agents’ saving behaviour.

Lemma 2. For relative risk aversion parameters 6 € (0,2), savings decrease with risk

aversion.

Proof available in appendiz B.3.

Then, expression (16) is the FOC for the share of risky assets s, determining
the portfolio allocation with risky and riskless assets. After applying the covariance

identity to condition (16), we can derive the expression for the risk premium with

respect to the expected excess return E[R® — R].%

_cov [u/ (&1 (w, 0)), 7]

E[R" - F] = EWQLA)

(17)

For each agent with productivity w and relative risk aversion parameter 6, expression
(17) maps the covariance term to the expected marginal utility of second-period con-
sumption ¢;. Under constant relative risk aversion utility, a close form solution for
the share of risky assets can also be derived for any parameter § > 0 (with 0 # 1):°

7 —r (R—r7)
o2 R(1—71)

5*(6) = (18)

While the first term relates to the original formula by Merton (1969) and Samuelson

8R° and R are the gross risky return and gross riskless return respectively.
9The derivation is provided in the appendix B.1.
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(1969),'Y the second term captures the effect of the different taxes on capital income.
In particular, increasing the tax on safe capital income reduces the optimal share of
risky assets: g%: < 0. On the contrary, increasing the excess return tax, while keeping
the loss offsets, increases s*(0): g—fn: > 0. Agents will adjust their portfolio shares to
get the same post-tax expected portfolio return (Domar and Musgrave, 1944).
Individuals’ optimal labour supply, savings and portfolio decisions map the prim-
itive type space 0 = (w, ) into an induced joint distribution of observable earnings
z and unobserved risk aversion 6, defined over 2, = (z,60). The government cannot
observe an individual’s risk preference, so its instruments are restricted to functions
of observables: the schedule T'(z) conditions on earnings alone, and 7, and 75 are
uniform across types. Risk aversion enters the problem only through the aggregation:
the government is assumed to know the induced joint distribution f(z,0), and evalu-
ates tax reforms using averages taken over the conditional distribution f(0|z) at each

income level.

4.3 The Government

The government’s objective is to maximise social welfare (SW) that is defined as an
increasing and concave function ® of agents’ lifetime expected utilities U (as in (13)),

given population density at income z and risk aversion 6, f(z,6):

SW :/Q F(2,0)® (U (2,0),0)d(z,0).

Notice that the function ® (U (z,6),6) depends itself on the risk aversion parameter.
These risk-aversion-specific transformations are necessary to accommodate different
individual risk preferences as well as concerns for fairness (Grant et al., 2010).!!

The government provides a public good P that enters the utility function sep-
arately from private consumption. The public good is financed by taxes on labour

earnings, through a non-linear tax schedule 7'(z), and on capital income, through lin-

"Merton (1969) and Samuelson (1969) study the optimal portfolio choice of a consumer with
CRRA utility with a multi-period horizon and multiple risky assets.

"The issue of choosing the appropriate functions for utility functions with different curvatures is
widely debated in the welfare theory literature (Eden, 2020; Grant et al., 2010), but it is beyond the
scope of this paper.
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ear taxes on the risky excess return, 73, and on the safe return at rate 7. The public

good is given by the following expression:

P = / f(z,0)T(2)d(z,0) +/ f(z,0) (15,8 (0) 7" + 1,.1) a(z,0)d(z, 0). (19)
Q. Q.

Tax rates are set by the government in the first period anticipating agents’ optimal
behaviour. After the state of the economy is realised, the government implements the
public good policy and balances the budget, meaning that the budget is balanced for
any state of the world. That is a stricter requirement than balancing the budget in
expectation, that would instead imply transferring resources from good states to bad
states of the world. As a result, the provision of the public good is stochastic and
depends on the state of the economy in the second period, determining the value of
revenues from the taxation of excess returns on savings. An additional unit of tax
revenues used to finance the provision of public good P in a given state of nature

generates the welfare effect

! / w(z, 0 (Pi2,0) - f(2,0)d(=,0), a=E[] (20)

“T

z

with w(z,0) = % and u'(P;z,0) = 0U(z,0)/0P. The random variable &
is the state-contingent marginal value of public funds; its ex-ante expectation « is
the social welfare gain per unit of tax revenues devoted to public good provision,
normalized by the marginal value of public funds A, the shadow price of the government
budget constraint in units of social welfare.

Finally, following Saez (2001), I define the social marginal welfare weight

w(z,0) Udz,0) >0

g(z’G)E )\ )

(21)

where U.(z,0) = E [u’(él)}?p} is the return-weighted expected marginal utility
of second-period consumption, and w(z,0) are the type-specific weights capturing
both the fairness motive and the cardinal normalisation of utility across agents with

different risk preferences.
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4.4 Optimal Non-linear Taxation of Labour Income

The labour income tax schedule is modeled with an intercept and non-linear com-
ponent: T(z) = 7 + [ T'(2')dz’. The optimality conditions are obtained using a
perturbation approach by considering small welfare-neutral variations to the tax rates
(Saez, 2001). Proposition 3 presents the optimality conditions. The derivations are

provided in Appendix A.3.

Proposition 3. The optimal labour income tazx schedule is described by the following

two conditions:

e Marginal tax rates T'(z):

T'(z) _ 1 [(I-HE)(a-G(z) Euy 7+ 7 Elar™]/a
1-T'(2) 28 ah(z) 1—1'(2)
! h<1> /:o () T/ =7 () 7o - E[aa] ~n§“<z’>m)h<z'>dz’] . (22)

e Intercept y:
e :/ 9(z,0) - f(z,0)d(z,0). (23)
Q2

The optimal marginal tax rate on labour income is set by condition (22). It is
obtained by considering a small reform in which the marginal tax rate is increased by
d7; in a small earnings band (z,z + Az), with no change elsewhere in the earnings
distribution. Expression (22) has a similar structure to Saez (2001). The elasticity
parameter £,; = [¢e,(z,0)- f(0 | z)df, averaging elasticity across risk-aversion types
at income level z, and the hazard rate h(z)/(1—H(z))), capture the efficiency channel,
that drives marginal tax rates down. The term (o — G(z)) captures the net social
gain from raising marginal taxes on those above z to finance the public good: «
is the normalised social welfare gain from an additional unit of public good, and
G(z) = %h(g)dzl is the average social marginal welfare weight above income
level z, with g(z') = [g(2/,6) - f(6]2') df being the average social marginal welfare

weight at income level 2’ across agents with different risk aversion parameters.

19



A concave social welfare function generally implies the social welfare weights de-
cline along the income distribution. However, conditional on income, agents with
different risk aversion will also have different expected marginal utilities and social
marginal welfare weights. Therefore, if income is somewhat correlated with risk aver-
sion, the shape of the labour income tax schedule depends on the joint distribution
of income and risk preferences in the population as well as the set of weights w(z, 0).
Two redistributive objectives are at play here. On the one hand, the government
would like to redistribute from high income agents to low income agents for equity
reasons. On the other hand, conditional on income, the agents with lower risk aversion
have a higher expected marginal utility of consumption than agents with higher risk
aversion. However, since the net social benefit of any policy is evaluated through the
social marginal welfare weights (21), the direction of redistribution across risk aver-
sion types will ultimately depend on the set of weights w(z, #) used to evaluate social
welfare. For instance, if risk aversion is inversely correlated with income, and the
weights increase with risk aversion conditional on income, then the planner’s desire
to redistribute toward low-income individuals aligns with the desire to redistribute
toward more risk-averse individuals, both pushing toward a more progressive labour
tax schedule. But if the welfare weights decline with risk aversion, a tension arises
between these two objectives, resulting in a less progressive tax schedule, all else being
equal.

Another point worth discussing relates to spillovers effects of labour income tax
changes to other tax bases. Raising the marginal tax rate on labour income has
fiscal externalities on capital income tax revenues. Compensated effects on capital
income are captured by the elasticity term &7, = [ €ai(2,0) - a(z,0)f(0|z)df that
is the mean compensated elasticity of savings with respect to the net-of-tax sav-
ings, averaged over risk aversion types at income z, weighted by savings, and by
the corresponding savings-weighted elasticity term for risky excess capital income
gty = Jera(2,0) - s(0)a(z,0)f(0]2)dd. Given that T'(z) is set ex-ante, the fiscal ex-
ternality term involving the risky excess return is evaluated on the basis of the ex-
pectation of the product between the state-contingent marginal value of public funds

fexc]

and the excess return, E[& . In section 4.5.1, I show that this fiscal externality

20



vanishes exactly once the excess-return tax is set optimally, such that condition (22)
is well defined at the optimum. Then, the last term of condition (22) captures the
income effects.'?

Finally, as for the intercept 79, condition (23) equates the social value of extracting
one more unit of revenue from the population through the lump-sum component 7

to the marginal social welfare of the public good «.

4.5 Optimal Linear Capital Income Taxation

This section explores the linear taxation of the two components of capital income:
excess risky return, and normal (riskless) return. First, section 4.5.1 focuses on the
taxation of the risky excess return. Second, section 4.5.2 focuses on the linear taxation
of the normal (riskless) return. This requires the government to be able to distinguish
the different sources of capital income, which in turn requires observing initial and

capitalised savings, and the market returns.

4.5.1 Taxation of Excess Return

The optimal tax rate on excess returns 7 is set by condition (24). The revenues
collected from taxing the excess return are risky as the realisation of the excess return
depends on the state of the economy. Hence, the public good will have a certain
probability distribution which entails a certain allocation of risk between private and
public consumption. Condition (24) determines the variance of the public good policy
and the allocation of risk between private and public consumption that maximises
social welfare.'® In other terms, the government is choosing the optimal risky share

of the budget (tax revenues), given agents’ preferences and social welfare weights.

2Tncome effects are captured by the following terms averaging income effects across risk-aversion
types at a given income level: (i) 77,(2")T"(2") = T'(2') [, m(2',0) f(0]z") d6 for labour income; (ii)
nr (2 )rer = Tor [yna(z',0) - a(2',0) - f(0]2')d6 for riskless capital income; (iii) 7} (2') o7 =
7 [ (2,0) - s(0)a (2',0) - f (0] 2’) dO for the risky asset holdings.

13When a bad (good) state of economy realises in the second period, losses (gains) due to negative
(positive) excess returns will be spread over private and public consumption, so that the utility loss

(gain) is minimised (maximised).
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Proposition 4. The optimal excess return tax is set by the following condition:

E [7" /Q (20 (P 0)f(:.0)dlz, )| =0 (24)

The key novelty of this setting with respect to the literature, specifically the work
by Schindler (2008) and Boadway and Spiritus (2024), is that the "benefits" of the
public good differ among agents because of heterogeneous attitudes to risk. Since the
public good is itself risky, the welfare gain from increasing the tax rate 7, varies across
different types of agent. Hence, the government aims to balance the different "tastes"
for the public good, providing insurance against aggregate risk. As individuals make
portfolio choices on the basis of their risk preferences according to condition (17),
similarly the government decides the distribution of tax revenues financing the public
good over states of nature on the basis of (24). In doing so, the government takes into
account the agents’ willingness to shift risk to the societal level. Condition (25) in
corollary 1 reformulates (24) and better represents this concept. Private and public
consumption volatility are represented by the covariance between marginal utility of
private and public consumption respectively with the risky excess return and jointly
govern the individual willingness to pay for the public good with an extra euro of

risky capital income.

Corollary 1. The optimal excess return tax 7;; equalizes aggregate public consumption
volatility with aggregate private consumption volatility. The optimal tax rate is positive

but strictly lower than 100%.

Jo, w (2,0) Cov (776“, u'(P; z, 0)) f(z,0)d(z,0)
sz w (z,0) Cov(rerc u/(¢1;0)) f(2,0)d(z,0)

=1 (25)

Proof. See appendix A 4.

Corollary 1 says that 7;° is chosen on the basis of a weighted average of private
consumption volatility, i.e. [, w(z,0)Cov (7", u/(¢1;0)) f(2,0)d(z,0). This is be-
cause the government cannot target individual risk-aversion types. This creates an

inefficiency: an agent with relatively (more) risky private consumption ¢;, compared
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to other agents, would be better-off by shifting more risk to the public good. For
that to be the case, a higher tax rate 7; should be implemented, so that private
consumption volatility is traded with public consumption volatility.

Setting the optimal excess return tax also has an effect on the labour earnings

marginal tax condition (22).

Corollary 2. When the excess return is set optimally, the risky-capital income fiscal
externality in labour earnings marginal tax condition (22) drops out. As a result, the

labour tax formula (22) is well defined at the joint optimum.

Proof. Available in the appendix A.7.
Finally, I investigate whether the taxation of excess returns can have any redis-

tributive role across types of agent. This is clarified by corollary 3.

Corollary 3. The optimal tazation of the risky excess returns does not serve a redis-
tributive role across different types of agent, either across different levels of productivity

or different levels of risk aversion.

Proof. Available in the appendix A.8.

Hence, the role of the risky excess return is solely to set the variability of tax
revenues and the public good on the aggregate level. This extends the finding by
Boadway and Spiritus (2024) that such tax cannot enhance redistribution on equity

grounds when agents differ by their labour and investment productivity.

4.5.2 Taxation of Normal Return

Once the excess return is taxed optimally, introducing a tax or subsidy on the normal
return (riskless capital income) is welfare enhancing when the following condition is

satisfied:

oOSW
or,

= —Cov(g(z,0),a(z,0))

r=0,77

ta / T'(2) [m(2.6) - a(2.0) — 21,2 0) - 2] f(z.6)d(z.6) £ 0. (26)

z

Condition (26) is the social welfare effect of introducing 7,.. The first term refers

to the mechanical and welfare effects of introducing the tax. The second term relates
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to the net revenue effect on labour taxes from a unit increase in 7,.: the positive income
effect on labour earnings weighted by savings minus the negative cross substitution
effect on labour earnings weighted by earnings. When condition (26) is satisfied, taxing
(or subsidising) the normal (safe) return on savings complements the role of labour
income taxation. Proposition 5 presents the optimal tax formula. The derivation is

provided in the appendix A.5.

Proposition 5. Suppose the tax on excess return is set optimally. Then, the optimal

tax rate on the normal riskless return is given by:

Ty 1

a sz e1r(2,0) - 2T (2) f(2,0) d(z,0)

T 1-—m

— Cov(g(z,0),a(z,0))

— =a
-7 acg,

ta / (2, 0T (2) — na(2,0)72] a2, 0)f(2,0) d(2,0) | (27)
Q.

where &7 . = fﬂz €ar - a(2,0)f(z,0)d(z,0) is the savings-weighted aggregate elas-
ticity of riskless savings with respect to the net-of-tax rate, capturing the efficiency
costs of taxing the normal return due to the intertemporal distortion of resource allo-
cation. The redistributive concerns along the distribution of savings are represented
by the term Cov(g(z,6),a(z,0)). If the social marginal welfare weight declines (in-
creases) along the distribution of savings, a positive (negative) tax rate on the normal
return can be optimal, provided the sum of all the other terms on the right-hand side
of (27) is positive (negative).'

To understand better the redistributive role of this tax, alongside the labour
income tax schedule, it is useful to evaluate (27) at the joint optimum, when also
T(z) is optimally set. To do that, first consider that the marginal social welfare

weight can vary both across income levels, and across risk aversion types within the

same income levels. This can be seen by decomposing the covariance term using the

“The other terms of condition (27) represent the fiscal externality of labour income tax revenues,
and the effects on tax revenues due to the income effects on labour income and savings. The fiscal
externality on risky excess return is omitted because of Corollary 2.
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law of total covariance:

Cov(g(z, 9),a(z,9)) = /Covo(g(z,Q),a(z,Qﬂz) h(z)dz + Covz(g(z),@(z)),

across-income

within-income

where g(z) = [, 9(2,0)f(0 ] 2) df and a(z) = [, a(z,0) f(0 | z) df are the risk-aversion-
averaged welfare weight and savings level at each income z. The across-income term
relates to how the average welfare weight and the average savings level co-move with
z. That is the main channel through which the optimal labour income tax schedule
T(z) works, that entails redistributing across income levels. Hence, when the labour
income tax schedule T'(z) is set optimally, the distinctive role for optimal 7, goes
through the within-income component, handling redistribution across risk aversion
levels, conditional on income. Under the condition stated by lemma 2, agents with
higher risk aversion have lower savings than lower risk aversion agents, conditional
on income. If the welfare weight grows (declines) with risk aversion, conditional on
income, the covariance term turns out to be negative (positive), meaning the optimal

tax is likely to be positive (negative).'?

4.6 Optimal Non-linear Taxation of Capital Income

In this section, I explore an alternative regime in which the government applies a
single, non-linear tax schedule to the expected level of capital income. With non-linear
taxation, a timing issue arises under aggregate risk: individuals get their returns on
savings in the second period, while the government sets marginal tax rates in the first
period before returns are realised and observed, even though they should depend on
them.'0 As setting the tax rates directly ex-post would be unrealistic given real-world

tax policy, I assume the government optimises with respect to the expected level of

15This highlights a key distinction between unobservable preferences and unobservable investment
ability as in Boadway and Spiritus (2024). When heterogeneity is driven by investment ability,
the planner unequivocally targets redistribution toward low-ability agents, yielding a subsidy on
the riskless return. When heterogeneity is driven by risk preferences, however, the direction of
redistribution, and whether the optimal safe return tax is positive or negative, depends on the chosen
welfare criteria normalising utilities across risk aversion types of agent.

16This was not an issue with linear taxation, as the tax rate on the excess return was the same
regardless of the realised return.
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capital income §(z, 6) defined as
§(,0) = (7+5(0) EF*]) a(=,0) (28)

that is a deterministic function of the type of agent, since it uses the expected excess
return E[7°*¢] rather than its realization. Unlike non-linear taxes on realized returns,
taxing expected capital income allows the government to commit to an ex-ante sched-
ule, as tax revenues are not state-dependent. Similarly to the linear taxation case,
the government knows the ex-ante distribution of types (without identifying them)
and the market returns, and observes individual savings and the portfolio decompo-
sition between risky and riskless assets. When the government commits ex ante to a
non-linear schedule Ty (7), applied to agents on the basis of their own expected capital

income (28), the agent’s budget constraint becomes
&1 (w,0) = Ry(0) a(w,0) — Ty (g(w, 0)); R, =141+ s(0) 7. (29)
The FOCs for consumption and the share of risky assets are:

- ~ _ oy
e = [u (o) (B, - Tilatw.0) - 57)] .
E [/ (é1) 7] = Ti(g(w,0)) - E[F*] - E [/ (¢1)].
where 9y/0a = r+ s E[f¢*] = R, — 1. Unlike the linear tax case, the nonlinear sched-
ule introduces a wedge directly on the consumption-savings margin, since ¢ depends
on savings a and share of risky assets s.

The schedule Ty(y) is applied to agents on the basis of their expected capital
income ¥, which depends on the agent-type. The relevant cumulative distribution
given by the level-set integral of f(z,6) over the region of the type-space 2, with
expected capital incomes at or below g, that is the level at which the tax perturbation

takes place:

/ F(2.0)d(=.0). (30)
{(2,0) : 9(2,0) <y}

with corresponding density h(y) = H(7), that is assumed to be well-behaved,
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with no bunching.
Then, I define the average social marginal welfare weight among agents whose

expected capital income exceeds g, via integration over the relevant sub-region of €2, :

/ 9(2,0) 1{7(2,0) > 7} £(2.0) d(z,0)

G(y) = == = . (31)

Because y(z,6) generally depends on both z and 6, the region {(z,0) : y(z,0) > y}
pools together agents with different combinations of income and risk aversion that
share the same (or higher) implied expected capital income. The following propo-
sition presents the condition for the optimal marginal tax rate, obtained through a

perturbation approach. The derivation is available in the appendix A.6.

Proposition 6. Under a non-linear taxr schedule on capital income, the optimal

marginal tax rate is set by the following condition:

T;(9) 1
k

(1-H(®)
1-T/(y)  y&gn(y) ah

080 L [T e T )

with H (%), h(y), G(y) defined by level-set integration over 2, as in (30)-(31),
and &y ,(7) the composite elasticity averaged over the level set at 7 using the Dirac

measure 0(-) to restrict the integral to the level set {g(z,0) = y}:

e W

Condition (32) has a similar structure to the labour income tax formula. The
term a — G(7) captures the net social gain from raising marginal taxes on capital
income in the band (y,y + Ay) to finance the public good. The elasticity term &gy,
and the hazard rate h(7)/ (1 - H (gj)) capture the efficiency channel, driving marginal
tax rates down. Notably, the elasticity ;1 is a composite of two distinct behavioural
margins, savings a and portfolio share s:

s*(0) E[re™
r 4 s*(0) E[rere]

egk(2,0) = car(2,0) + g5 k(2. 0). (34)
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s*(6) E[Feee]

where the elasticity of the share of risky assets s is weighted by the term T O B

that is the share of expected capital income that comes from the risky-excess-return
component. For simplicity, I assume a separable tax system in labour and capital
income, such that condition (32) abstracts from the cross-base fiscal externalities that
this tax imposes on the labour income base.'”

Relative to the pair of linear taxes (7., 7 ), nonlinear taxation of capital income,
Ti(y) distorts also portfolio decisions, alongside the savings margin, as the Domar-
Musgrave neutrality result breaks down. This additional distortion can be welfare
improving if the variation in welfare weights across risk aversion types, conditional
on income, is significantly driven by differences in expected capital income due to
portfolio decisions. Ultimately, this would be the case when risk preferences are widely
dispersed within, and weakly correlated with, income levels.

Finally, non-linear taxation of capital income also changes the design of the opti-
mal labour income tax schedule. The capital income fiscal externality terms in condi-
tion (22), previously evaluated at the linear rates . and 73, would be replaced by the
cross-base spillovers onto expected capital income. Specifically, a marginal increase in
the labour tax induces behavioural responses in savings and portfolio shares that alter
7, generating a fiscal externality evaluated at the household-specific marginal capital

tax rate T} (7).

5 Concluding Remarks

This paper presents a theory of optimal provision and funding of a public good when
individuals have heterogeneous preferences for risk and face aggregate risk in the econ-
omy. Under private provision, alongside the standard underprovision result, the Nash
equilibrium entails an inefficient allocation of risk between private and public con-
sumption, as individuals fail to internalize the insurance gains that the public good

provides to agents with different risk preferences. These inefficiencies persist under

17A complete derivation would take into account that the change of the marginal tax on expected
capital income induces responses in labour supply (analogous to the cross-substitution and income
effects derived in Propositions 3 and 5), generating additional fiscal spillovers evaluated at T"(z).
However, formally including these terms would only make the tax formula more complex without
changing the main intuition.
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public provision, financed by a uniform linear tax on savings, when risk preferences
are unobservable. Within a model with bi-dimensional heterogeneity — labour produc-
tivity and risk preferences — I then characterise the optimal tax system, in which each
instrument plays a distinct role. The non-linear labour income tax redistributes across
income levels while internalizing fiscal externalities on capital tax bases. The linear
tax on the risky excess return performs a pure insurance function, aligning the volatil-
ity of the public good with a weighted average of private consumption volatility across
risk-aversion types. The tax on the riskless return redistributes across risk-aversion
types within income levels, with its sign depending on how welfare weights evolve
along the distribution of risk preferences. As an alternative, non-linear taxation of
expected capital income is considered: it gains screening power over unobserved risk
preferences through the portfolio-share margin, at the cost of breaking the Domar—
Musgrave neutrality of the linear excess-return tax. In all cases, the tax conditions are
derived in terms of appropriately defined elasticities and welfare weights, and capture
the key trade-off in this economy: redistributive objectives versus the efficiency costs
of distorting labour supply, savings and portfolio decisions.

Several extensions are left for future research. First, individuals may differ not
only in their risk preferences but also in their direct valuation of the public good;
allowing for both sources of taste heterogeneity would help disentangle their respective
roles in applications such as infrastructure or climate policy. Second, a general tax
schedule conditioning jointly on labour and capital income could improve screening

on the risk-aversion dimension, at the cost of solving a multidimensional problem.

ISEG - LISBON SCHOOL OF ECONOMICS AND MANAGEMENT,
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Appendix A

A.1 Proposition 1

: . e E[u, (PR}
We can decompose the social marginal rate of substitution M RS5°¢ = M
J ijE[u/. (cjl R

5(@) 2]
from condition (6) as follows:
wiE [u;(ﬁ)ﬁzﬂ + 2y Wkl [“%(P )Rﬂ
il [ () B
E [u}(P) )] R 4PV
el (@) Aol () 7

MRS} £;>0

MRS =

The term Z; is the externality: the risk-adjusted benefit that agent j ’s contri-
bution provides to all other agents k # j, normalised by agent j 's own marginal cost.
Since wy, > 0,u), > 0, Rﬁ; >0, and E [ug (C{) Rﬂ > 0 at an interior solution, every
term in Z; is strictly positive, so Z; > 0 for all j. With a positive externality, the

public good will be indeed under-provided in expectation at the Nash equilibrium.

A.2 Lemmal

The optimal choice of 7(¢;) that maximises social welfare SW = 3, w;U; gives the

following optimality condition:

E

S (1 (P)) 7] (1= 1720 (6) (8- ”“’ij))] — i [uy (@) Ry = 0
k

) a;

_E[ wi(u)(P)R)]

Define p(6;) = Elloyu! @) ) as the ratio between the social welfare gain from an

additional unit of public good for all types through a higher tax on agent-type j, and

the private welfare cost for that agent j. Then, (A.22) can be rewritten as:

7(95) ear(0) —7- 17 (9| = 1. (A-2)

e () o

Isolating 1™ allows to get condition (11).
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A.3 Proposition 3

Consider a small reform in which the marginal tax rate is increased by d7; in a small
earnings band (z, z+ Az), with no change elsewhere in the earnings distribution. This
perturbation will have the following effects. First, there is a mechanical effect raising

tax revenues:

M = Azdn(l — H(z))a. (A.3)

where « the social welfare gain per unit of public good provision, normalized by the
marginal value of public funds A. For each state of nature, I also define the state-

contingent marginal value of public funds a:

1/ Wz O (Pi2.0)- f(2,0)d(=0), o=Ed]

T

z

Second, there are behavioural effect due to substitution and income effects. The
substitution effect involves only the taxpayers in the band (z,z + Az), while the
income effect involves everyone above z.

2T'(2)
1-T"(2)

=a =a ~ meXC
QEq T+ E Tk E[are*]

By = —ah(z)Azdn e, - 1—-T'(2)

— h(z)Azdn [

(A.4)

T/ E_Z 'TTT—{—E_G -1 Rlarexe] /o
= —ah(z)Azdn [5271- 2T(z) L ke T Bl ]/]

1-T'(2) 1-T"(2)
where g7, = [ €ai(z,0) - a(z,0)f(0|z)d. Then, the term with the income effects:

Be=abedn [ ()T -mE e S () m)nd (A

where 7;(2') = [,m(2',0)- f(0]2') d 6 is the income effect averaged across risk aversion

types at income level 2" with n;(2/,0) = —92/(0)/01

() and I non-labour income.

Moreover, (') = [,1a(2,0) - a(2',0) - f(0]2') dO with n.(2',0) = da(z,0) /0]

TI(Z/)’
and ﬁf (2') = [k (2,0) - s(B)a(2',0) - f(0]2)dl with n(z,0) = (s - a)/@I}T,(Z,).

Third, there is a welfare effect due to the utility loss generated by the tax perturbation.

W = —dnAz /00 G(Z)h(2)d 2 = —dnAz - [1 — H(2)]G(z). (A.6)
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where G(z) = S 9 h(2)d 2

=02 is the average social marginal welfare weight above
income level z, and g(2') = [ g(/,0) - f(0|2") d6.

Putting everything together we have:

T'z) _ 1 [(A-HE)(e-G(z) Euu 7+ 7 Elar™]/a
1-T'(2) ZE,) ah(z) 1—7'(2)

w5 [ T =

E[a7]

T () Tk>h(z’)dz’ (A.7)

As for the intercept, a small perturbation dry generates a mechanical effect R =
A - adr and a welfare effect W = —dr fﬂz w(z,0)Uc(2,0) - f(z,0)d(z,0). Setting

R+ W =0, and using (21), gives the condition

a :/ 9(2,0) - f(z,0)d(z,0).

Given the definition of «, and g(z,0), this condition can be also rewritten as

| B [ole 00 (Piz6)] 100 d(2.0) = | Bl 0)U(0)] £(2,6)d(z0) (A8)

z z

Finally, at the joint optimum, when the excess return is set optimally, the fiscal

externality involving the excess return vanishes (see proof of corollary 2 in appendix

AT).

A.4 Proposition 4

Consider the welfare effect of a marginal change in the tax rate 7. By FOC (16), the

private welfare cost is zero. Hence, at the optimum, the welfare change is:

E [ /Q ol O (P2, )], 0) (2, 0) /Q e 0)85 77 a0 d(z,e)}

+E [ / e O (P2, 0)f(2.0)d(2,6)- /Q Z f(z,e)gjzfma(z,e) d(z,@)] ~0.
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S
1—71°

Using the fact that by optimal portfolio choice % =

we can simplify it to:

E [ /Q e O (P2, 0)f(2.0)d(2,0)- /Q 05Nl ) d(z, )| =0
(A.10)

This can be further simplified by moving 7¢*¢ to the first integral, and dropping the

second integral, which is a positive constant.

E [f“c/z w(z, 0)u'(P;2,0)f(2,0)d(z,0)| =0 (A.11)

This condition states that at the optimum, the expected product of the aggregate
excess return and the welfare-weighted marginal utility of the public good is zero.
Furthermore, using the optimality condition (A.8) for 79, the condition can be

rewritten as follows:

/ w(z,0)Cov (fezc,u’(P;z,9)> f(z,0)d(z,0)

z

:/ w(z,0)Cov (F*°, v/ (¢15 2,0)) f(2,0)d(z,0) (A.12)

z

Moreover, the optimal tax rate is positive but strictly lower than 100%. Only 0% <
T < 100% ensures that the left and right hand side of the optimality condition are

non-zero terms with the same sign.

A.5 Proposition 5

A small reform dr, generates the following effects. First, the mechanical effect is
M=q«arAdr,.

where A = sz a(z,0)f(z,0)d(z,0) is aggregate savings, and « is the social welfare
gain per unit of public good, normalised by the marginal value of public funds. Second,

there is a welfare effect related to the utility loss of raising the tax:

W =—r dTT/Q 9(z,0)-a(z,0) - f(z,0)d(z,0).
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Then, the reform will generate behavioural effects through savings and labour

income. The term Bj refers to the substitution effects:

TrT

By = [a / cur(,0) - a(z,0) - £(=,60)d(=,0)
Q.

1—7

(07

/Q er(2,0)z-T'(2) - f(2,0)d(z,0)|dr.

1—7

where €4,(2,6) is the compensated elasticity of riskless savings with respect to the
after-tax riskless return r(1 — 7,.); and ¢;,(z, 0) is the cross compensated elasticity of
labour earnings with respect to the after-tax riskless return (1 —7,.). Bs refers to the

income effects:

By = [ar/ m(z,0)-T'(2)-a(z,0) - f(z,0)d(z,0)

- om'rr/ Na(2,0) - a(z,0) - f(z,0)d(z,0)|dr,.

where 7;(z, 6) is the income effect on labour earnings; and 7,(z, ) is the income
effect on riskless savings. The risky-capital income fiscal externality is omitted as it
drops out by Corollary 2.

Hence, introducing a tax or subsidy on the normal return (riskless capital income)

is welfare enhancing when the following condition is satisfied:

OSW
oy

:aA—/ 9(2,0) - al2,0) - f(20)d(z0)

r=0,7}

+ oz/ T'(2) m(2,0) - a(z,0) —e10(2,0) - 2] f(2,0) d(2,0) #0 (A.13)
Qe
where A = sz a(z,0) - f(z,0)d(z,0) is aggregate savings. This can be rewritten as

OSW
or,

= —Cov(g(z,0),a(z,0))

Tr=0,77

+a / T'(2) [(2.6) - a(2,0) — e1,0(2.0) - 2] f(z,6)d(z,6) 0 (A.14)
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after noticing that

f(z,0)d(z,0)

Q2

Covlg(z.0),a(:.0)) = [ g(z.0)az.6)
_ </ng(z,9)f(z,9)d(z,0)> </Q a(z,e)f(z,e)d(z,9)> (A.15)

=a by (23) =A

A.6 Proposition 6

Consider a small reform: raise T} (-) by dr over a narrow band (y,y + Ag) of the dis-
tribution of expected capital income 7 = a(z, 0)[r + s(0) E[7°*“]], holding the schedule
unchanged elsewhere.

Mechanical effect: every agent with 3(z,0) > ¢ pays d7 - Ay in extra tax. Using
(30), the mass of such households is 1 — H (%), so the mechanical revenue effect, valued

at the social marginal value of public funds «, is
M = Aydr (1 - H(y)) o (A.16)

Behavioural effect: only households with y(z,6) € (y,y + Ay) face a marginal-
rate change, and they adjust both the share of risky assets s and savings a . Define
the compensated elasticities, type by type,
0s* 1-1T] oa 1-1T

oa—10) s | E“”“(z’wzau—T,;)' a |,

esk(2,0) = (A.17)

The induced elasticity (A.18) of g itself, combining both margins through (28), is

5*(0) E[f**]

_ 0) = 0
8y7k(2, ) 5a,k(2’ ) + r—l—s*(Q)E[fewc]

s (2, 0). (A.18)

Averaging over the (possibly pooled) types within the affected band using the same

direct level-set integration as in (31),

/Q enk(5,0) - 5(2,0) 6 (5(2,0) — 7) f(,60) d(2,0)

Eg k() = ") , (A.19)

<
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where 6(+) is the Dirac measure restricting the integral to the level set {7(z,0) = g},
the substitution effect is

y1;.(y)

Bi = —ah(y) Aydr - &.4(5) - T prrs-
k

(A.20)

Income effect: agents above the band, g(z,0) > y + Ay, experience an income
effect from the higher average tax paid. Define ny(y’) as the income effect on y at
threshold 7/, averaged over the level set {(z,6) = §'} exactly as above. The income

effect term is

By = —a Aydr / 0@ TL(T) () i (A21)
gl

Welfare effect: using (31), the utility loss to households above the band is
W =—dr Ay (1 - H(y)) G(). (A.22)
Setting M + By + By + W = 0 and dividing through by a h(y) Aydr gives the

optimality condition

(5 1 (1-H(y)

_ (0-Gw) 1 ) /y°°

)
1-T.(5)  §&5.(y) ah(y) h(y

ny (@) Te (i) (i) dyf
(A.23)

with H(g), h(), G(7) defined by direct level-set integration over Q, as in (30)—(31),

and £y 1(y) the composite elasticity (A.18) averaged over the level set at g.

A.7 Corollary 2

In the perturbation approach derivation of condition (22), the compensated and in-

come effect terms involving the risky excess return can be grouped as follows:

W + /:O (ﬁf () Tk>h(z')dz’] =0

E ~ exc
—7[0” ]Az dm
Q

This term is equal to zero as E[@ 7] = 1 E [fexc : sz w(z,0)u'(P;2,0) - f(2,0)d(z,0)] =

0 by the excess return tax condition (24).
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A.8 Corollary 3

Exploting the FOC (16), the private welfare cost is zero, and the optimality condition

of 7 for agents of type (z,6) reads:

E [f(z,0)5*(0)(77”0)776“@(2',9) / w(z,0)u'(P; z,0) f(2,0) d(z,@)}

0s*(0)
87']9

+ 1R {f(z,@) 7*“a(z,0) - /Q w(z,0)u' (P;2,0)f(z,0) d(z,&)] =0 (A.24)

S
1—7y

Using the fact that by optimal portfolio choice 887“; = we can simplify it to:

E [f(z, 0)s*(0)(r*)r“a(z, 0) - / w(z,0)u'(P; z,0) f(z,0) d(z,@)] =0 (A.25)

z

This can be further simplified by moving 7¢*¢ to the first integral, and dropping the

second integral, which is a positive constant.

E [7‘ / w(z, 00 (P; 2,0) f(2,0) d(z,@)] =0 (A.26)

z

The resulting condition coincides with the condition for a unique 7, implying that

deviating from the unique 7; does not further raise welfare.
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Appendix B

Throughout this appendix, lowercase returns denote log returns: r = logR 7, =
log Ry, so that 7, —r = log(R,/R).
B.1 Optimal Portfolio Share of Risky Assets

To derive formula (18), I follow Campbell and Viceira (2002). The portfolio return

factor is Rp =1+r(1-7))+s(R°— R)(1—1g), or

e

(R RN

Taking logs we get

Fp =1 = f(° = 7) = log (1= = +s(” 7 = 1)(1 = 7). (B.1)

It’s possible to derive an approximation of the portfolio excess return using a

second-degree Taylor’s expansion around the point r¢ —r = 0:

r) 4 o 1s0 m R 0oy

Tp—r:log<1——7' R_rr, Y5 R—rr R—rr - (B2)

RT‘

where ¢ := 7¢—r. Then, we can write the expected utility at time 0 from consumption

in period 1 as follows:

Eo(u(c1)) ~ (1 — ) Ko [(aoerefp*T)l_e} (B.3)

)+5(177,€)R¢+s<177k)R (1_ 5(177,€)R) 072) 1_9]

R—r7p R—rTp R—r7p 2

~(1-6)"'E, [(aoerelog(l—%w

s(l—1)R _s(l-Tp)R

1-0 (1—9 (1 )ﬁ _\s(I—Tp)R -
~ (1 _ 6)71 |:ate7' (1 _ %TT)] 6( ) R—r7p R—rTp 2 EO |:e(1 9) R—r]'crr ©

)

Excess return component

1-0
where the term (1 — )71 [ateT (1 — %7})} is constant. Because the constant pre-

factor (1 — @)~! and the exponent multiplier (1 — @) carry the same sign in (B.3),
their product is strictly positive for all 8 > 0,6 # 1. Therefore, maximizing expected

utility is equivalent in all cases to maximizing the "excess return component". Notice
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that the term inside the expectation can be rewritten as follows when the return is

log-normally distributed:

sl=m)R o ~N (- e N 5)2(w>202>’

R —rr, R—rr, "

(1-9)

R—rr,

s(1-=1,)R -

where ¢ = 7° — r. Hence, taking the log of Eg [6(1—9) R—rrr ‘p}, we get:

s(1-1,)R -

logEO 6(179) R—r7p 90] = (]_ _G)M

R—r7,

s(1 — Tk)R>2"3(1 —9)2.

(e —a2/2)+ ( ;

R—r7,

Then, we can compute the log of the excess return component:

s(1—m s(1—m o2 s(1—m o2
SR L
s(l—r7 2 52
raor () 5
s(1— s(l—r 252
— (-0 [T, g (L) ;] B.4)

Hence, it is possible to maximize expected utility by maximizing the terms multiplying

(1—-0)in (B.4):

s(1—7)R s(1 — 1) R\202
max R—rr, 9( R—r7, ) 27

with first order condition:
o ¢ (R—r1,)
7 0jo2 R(1—14)

where ¢ =7° — 7.

B.2 First-period Consumption

From the FOC of first period consumption, we can rewrite ¢y as follows

g’ =E {Rl_e (z — 00)79]

Ccy —

1+E [R;*"} v

For simplicity, we omit labour income taxation in the derivation, without loss of

generality. Next, I derive an expression for E [R}?_O} and ¢y With 7, = log ]:Zp ~
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N (7 — ag /2, ag) we know as a fact the following holds

logE {Rp} =E [log Rp} + 012,/2
=Tp—0,/2+405/2 =",

Using the previous fact and since log R;_e =(1-10)log Rp, the following also holds

log B [RL] = (1- ) [log &,] + (1 - 0)02/2

=(1-0)(rp,—0,/2) + (1 —0)*c;/2

~ (1 —9)03
=Q-0)r - —5—1-01-0)
— (1-0)7, — ou _20)05

Taking the exponential of both LHS and RHS
E [Rl—ﬂ — exp [(1 = 0)F, — 0(1 — 0)02/2]
Elevating that to the exponent 1/6, it follows that

B2 —exp (07~ 1) 7, - (1 - 0)02/2

s(1—1%)R
R—r1,

Now we want to express 7}, and 012, in terms of the risky asset. Define k =
From Campbell and Viceira (2002), given one risky asset in the portfolio 7, ~ N (Fe —02/2, 03) ,

log excess portfolio return is approximately

1
Tp — 1 = log (1 — %7’7«) + K+ im(l - m)af

where ¢ := 7 — r. Then, expected excess return can be written as:

- Ty o2 1 9 Ty K202
E[r, — 7] —log<1—§> +/{(<p—2> +§m(1—fe>ar —log(l—f) + Kp — 5

40



2
with ¢ := 7® — r and variance UZQ) = (s(é:Z’;ZR) o2. We also know as a fact that

logE [(Rp /R)} —E [log (RP/RH +02/2

:log(l—?)-&-s(l_m)R

R—rm,

so that we have

- 1—7)R
TL>+3( Tk)

log E[R,) = 7 = + log (1 R

R—r7,

Recall also we have an approximated solution for s derived in appendix (B.1). So we
- 1/6
can finally rewrite the expression for E [Rll,_e} substituting in the expressions for

s and 7p:

E| R e [0 = 1) — (1 0)02)2]

p — exp [(0—1 —1) (r +log (1 - %’) + W@) —(1- 9)05/2]

R—rr
= (1 - ?)él exp [(9_1 -1) <r + WW> —(1- 9)02/2}
=(1- r;r)é_lexp{(ﬁ_l —1) <7“+ ;;) —(1- 9)2;;} = A(0)
Therefore, we can rewrite first period consumption cy(z,60) = ﬁw) where

2 2

A(B) = (1 - 7;)‘1)1 exp {(9_1 -1 (7" - 9i3> -(- '9)20@202}

and o = 7° —r > 0 denoting the risk premium.

B.3 Savings behaviour Across Risk Aversion Types

For any 7, € [0,1), co(z, 0) is strictly increasing in 6, and savings a(z,0) = z — co(z, 6)

are strictly decreasing in 6, for all § € (0, 2).

Proof. Since ¢ is a strictly decreasing function of A for A > 0,
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Ty

Let £(8) = InA(f) and B = 1n(1 - §> < 0. Then

e(e)—(91—1)(r+3)+ﬁ {9_1_1 — 1_9}
2

0 262
_ r+ B ©
Differentiating (B.6) with respect to 0:
dal r+ B ©? r+ B ©?
- _r 1 — _ S
a0 [ o 20302} +(1-9) [ 2 o2
_ r+B @? ~(1-6)(+B) (1-0)p* r+B (2 —0)p?
6 20262 62 o263 E 20263
(B.7)

where the last line is obtained by collecting the (r + B) terms and the ¢? terms. Now,
I analyse the two terms of (B.7).

Term 1. Since 7, < R =1+ r for any 7, € [-1, 1], we have % < r, and the log

bound In(1 — z) > ~7 °

for x € (0,1) gives

/R
1—rm/R

r7r/R

B> - B>r— ———>
r " 1—rm/R

0

B

for any admissible 7, € [-1,1] and r > 0. Hence Tt < 0.

02
2 2 p3 (2-0)¢”
Term 2. For 6 € (0,2), (2—6) >0, and ¢°,07,60° > 0, so YT < 0.
O"f‘
al
Both terms in (B.7) are strictly negative for all 8 € (0,2), so 0 < 0, hence
dA

20 < 0, and by (B.5),

Jco(z,0)
o0

da(z,0)
a0

>0, <0 forall §€(0,2).
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